Abstract. It is known that the bundle of Dirac spinors is produced as a direct sum of two bundles -the bundle of chiral spinors and its Hermitian conjugate bundle. In this paper some aspects of metric connections for chiral and Dirac spinors are resumed and their relation is studied.
Chiral spinors.
The construction of two-component Weyl spinors, they are also called chiral spinors, is based on the following well-known group homomorphism ϕ : SL(2, C) → SO + (1, 3, R).
(1.1)
The homomorphism (1.1) is defined through the formula
where σ 1 , σ 2 , σ 3 are Pauli matrices complemented with the unit matrix σ 0 :
3)
By means of (1.2) and (1.3) each matrix S ∈ SL(2, C) is associated with some matrix S ∈ SO + (1, 3, R) so that we can write S = ϕ(S), see [1] , [2] , and [3] for detailed description of this construction.
Let M be a space-time manifold, i. e. a four-dimensional orientable manifold equipped with a pseudo-Euclidean Minkowski-type metric g and carrying a special smooth geometric structure which is called a polarization. Once some polarization is fixed, one can distinguish the Future light cone from the Past light cone at each point p ∈ M (see [4] for more details). A moving frame (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) of the tangent bundle T M is an ordered set of four smooth vector fields Υ 0 , Υ 1 , Υ 2 , Υ 3 which are defined and R-linearly independent at each point p of some open subset 2000 Mathematics Subject Classification. 53B30, 53C27, 83C60.
Typeset by A M S-T E X U ⊂ M . This moving frame is called a positively polarized right orthonormal frame if the following conditions are fulfilled: (1) the value of the first vector filed Υ 0 at each point p ∈ U belongs to the interior of the Future light cone determined by the polarization of M ; (2) it is a right frame in the sense of the orientation of M ; (3) the metric tensor g is given by the standard Minkowski matrix in this frame: Apart from positively polarized right orthonormal frames, below we shall consider the following three special types of frames in T M : -positively polarized left orthonormal frames; -negatively polarized right orthonormal frames; -negatively polarized left orthonormal frames. The definitions of these types of frames are easily obtained by alternating the above condition (1) and (2) with the opposite ones.
Let (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) be arbitrary two frames of the tangent bundle T M such that U ∩Ũ = ∅. Then at each point p ∈ U ∩Ũ we can write the following relationships for their frame vectors:
The relationships (1.4) are called transition formulas, while the coefficients S j i and T j i in them are the components of two mutually inverse transition matrices S and T = S −1 . If both frames (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) are positively polarized right orthonormal frames, then the transition matrices S and T both are orthochronous Lorentzian matrices with det S = 1 and det T = 1. Such matrices form the special orthochronous matrix Lorentz group SO + (1, 3, R). Assume that SM is a two-dimensional smooth complex vector bundle over the space-time M equipped with a non-vanishing skew-symmetric bilinear form d at each point p ∈ M . This bilinear form d is called the spin-metric tensor. A moving frame (U, Ψ 1 , Ψ 2 ) of SM is an ordered set of two smooth sections Ψ 1 and Ψ 2 over some open subset U ⊂ M which are C-linearly independent at each point p ∈ U . A moving frame (U, Ψ 1 , Ψ 2 ) is called an orthonormal frame if
i. e. if the spin-metric tensor d is given by the skew-symmetric matrix (1.5) in this frame. For two arbitrary frames (U, Ψ 1 , Ψ 2 ) and (Ũ ,Ψ 1 ,Ψ 2 ) of the bundle SM with overlapping domains U ∩Ũ = ∅ we can write the following transition formulas:
Like in (1.4), the coefficients S j i and T j i in (1.6) are the components of two mutually inverse transition matrices S and T = S −1 . If (U, Ψ 1 , Ψ 2 ) and (Ũ ,Ψ 1 ,Ψ 2 ) are two orthonormal frames, then both matrices S and T in (1.6) belong to the special linear matrix group SL(2, C). Definition 1.1. A two-dimensional complex vector bundle SM over the spacetime manifold M equipped with a nonzero spin-metric d is called a spinor bundle if each orthonormal frame (U, Ψ 1 , Ψ 2 ) of SM is associated with some positively polarized right orthonormal frame (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) of the tangent bundle T M such that for any two orthonormal frames (U, Ψ 1 , Ψ 2 ) and (Ũ ,Ψ 1 ,Ψ 2 ) with overlapping domains U ∩Ũ = ∅ the associated tangent frames (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) are related to each other by means of the formulas (1.4) , where the transition matrices S and T are obtained from the transition matrices S and T in (1.6) by applying the homomorphism (1.1), i. e. S = ϕ(S) and T = ϕ(T).
The definition 1.1 reflects the basic feature of all spinor bundles. They are closely related to tangent bundle and this relation is implemented through associated frame pairs of some definite types.
Tensorial and spin-tensorial fields.
Tensorial an spin-tensorial fields are introduced in a standard way as described in [3] , [5] , [6] , and many other papers. First of all we introduce the complexified tangent and cotangent bundles CT M and CT * M :
Smooth sections of the bundle (2.6) are called spin-tensorial fields of the type (α, β|ν, γ|m, n). The metric tensor g of the base space-time manifold M now is interpreted as a spin-tensorial field of the type (0, 0|0, 0|0, 2), while the spin-metric tensor d is a spin-tensorial field of the type (0, 2|0, 0|0, 0). Note that an arbitrary spin-tensorial field of the type (0, 0|0, 0|0, 2) is a complex field, while g is a real field. Therefore, we have g = τ (g), (2.7) where τ is the semilinear involution of complex conjugation: Both mappings (2.8) are denoted by the same symbol, hence, formally we have the involution identity τ 2 = τ • τ = id. More detailed description of the involution τ can be found in [3] and [6] .
A coordinate description of spin-tensorial fields is obtained in terms of frame pairs. Let (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) be an arbitrary frame of the tangent bundle T M and let (U, Ψ 1 , Ψ 2 ) be an arbitrary frame of the spinor bundle SM . Denote by (U, η 0 , η 1 , η 2 , η 3 ) and (U, ϑ 1 , ϑ 2 ) the dual frames for (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 ) respectively. Then let's denote
The barred spinor fields in (2.9) compose two frames (U, Ψ 1 , Ψ 2 ) and (U, ϑ 1 , ϑ 2 ) in S † M and S * † M respectively. Now, according to the formulas (2.3), (2.4), and (2.5), we define the following tensor products: Since all of the above frames (U,
, and (U, ϑ 1 , ϑ 2 ) and their tensor products (2.10), (2.11), (2.12), and (2.13) are produced from two initial frames (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 ), the coefficients X The formulas (2.15) and (2.16) express the general transformation rules for the components of a chiral spin-tensorial field under a change of frame pairs. The matrices S, T, S, and T in them are taken from (1.4) and (1.6).
Note that (U,
are real frames. They are invariant under the action of the semilinear involution τ :
Applying τ to (2.14) and taking into account (2.9) and (2.17), we obtain τ (X) = Note that the formulas (2.18) and (2.19) are in agreement with (2.8). They mean that the involution τ acts upon the components of spin-tensorial fields as the complex conjugation exchanging barred and non-barred spinor indices.
3. Basic spin-tensorial fields of chiral spinors.
The metric tensor g is the basic field for both chiral and Dirac spinors. As it was already mentioned above, g is interpreted as a spin-tensorial field of the type (0, 0|0, 0|0, 2) satisfying the reality condition (2.7). Apart from g, in the theory of chiral spinors there are two other basic spin-tensorial fields. The first of them is the spin-metric tensor d. It is a field of the type (0, 2|0, 0|0, 0). In canonically associated frame pairs (see definition 1.1) its components are given by the matrix (1.5). The second basic spin tensorial field in the theory of chiral spinors is denoted by G. It is called the Infeld-van der Waerden field, its components G iī q are called the Infeld-van der Waerden symbols. In canonically associated frame pairs the Infeld-van der Waerden symbols are given explicitly by the formulas Infeld-van der Waerden field the reality condition for it is given by the formula:
Applying (2.19) to (3.6), we get the following equalities:
These equalities (3.7) express the reality condition (3.6) in a coordinate form. The Infeld-van der Waerden symbols satisfy various identities relating these symbols with the metric and spin-metric tensors:
The following equalities are easily derived from (3.8), (3.9), (3.10), and (3.11):
The equalities (3.8), (3.9), (3.10), (3.11), and (3.12) here are slightly different from (7.14), (7.15), (7.16), (7.17) , and (7.13) in [3] since the quantities G q iī
here differ from those of [3] by the numeric factor 1/2. The components of the dual spin-metric tensors in (3.10) and (3.11) are given by the matrices inverse to d ij anddīj:
The identities (3.8), (3.9), (3.10), (3.11) are easily derived in canonically associated frame pairs (see definition 1.1). However, due to the spin-tensorial nature of the quantities in them they remain valid for arbitrary two frames of T M and SM .
Metric connections for chiral spinors.
Let (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 ) be two frames with a common domain U of the bundles T M and SM respectively. Let (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) and (Ũ ,Ψ 1 ,Ψ 2 ) be other two such frames. Assume that U ∩Ũ = ∅. Then at each point p of the intersection U ∩Ũ one can write the transition formulas (1.4) and (1.6).
Assume that the domains U andŨ are small enough so that one can introduce local coordinates
, which are non-holonomic in general case, we have two holonomic coordinate frames (U, E 0 , E 1 , E 2 , E 3 ) and (U,Ẽ 0 ,Ẽ 1 ,Ẽ 2 ,Ẽ 3 ) composed by the vector fields
Taking the expansions of Υ i andΥ i in these holonomic frames
due to (4.1) and (4.2) we can represent Υ i andΥ i as linear differential operators
Applying the differential operators (4.3) and (4.4) to a smooth scalar function f , we denote the resulting functions as the Lie derivatives:
Note that the components of the transition matrices S, T , S, T from (1.4) and (1.6) are smooth functions within the intersection domain U ∩Ũ . Therefore, one can substitute them for f into (4.5). As a result we can define the following functions:
The θ-parameters with and without tilde introduced by the above formulas (4.6), (4.7), (4.8), (4.9) are related to each other through the following formulas: 
where c k ij andc k ij are defined by the following commutator relationships:
The quantities c k ij andc k ij in (4.14) and (4.15) are similar to structural constants of Lie algebras. For this reason they are called the structural constants of the frames (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ), though actually they are not constants, but smooth real-valued functions within the domains U andŨ respectively. As for the identities (4.10), (4.11), (4.12), and (4.13), they are easily derived from (4.6), (4.7), (4.8), and (4.9) due to (4.5). Definition 4.1. A spinor connection of the bundle of chiral spinors SM is a geometric object such that in each frame pair (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 ) of T M and SM it is given by three arrays of smooth complex-valued functions
where p ∈ U , such that when passing from (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 ) to some other frame pair (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) and (Ũ ,Ψ 1 ,Ψ 2 ) with U ∩Ũ = ∅ these functions are transformed as follows:
The components of transition matrices S, T , S, and T in (4.16), (4.17), and (4.18) are taken from (1.4) and (1.6), while the quantities θ In a frame pair (U, Proof. Since (Γ, A,Ā) is real, from ∇d = 0 we easily derive that ∇d = 0:
Then we apply ∇ r to the identity (3.9). As a result we get
The identity (4.22) means that ∇g = 0. Thus, the theorem 4.2 is proved.
The concordance condition ∇g = 0 is well-known. Since g is a spin-tensorial field of the type (0, 0|0, 0|0, 2), this condition is written in terms of the Γ-components of a spinor connection only. Applying the formula (4.20) to ∇ r g ij , we get 
By means of the cyclic transposition of indices from (4.27) we derivê
Now let's add (4.28) and (4.29), then subtract (4.27) from the sum. As a result, taking into account the symmetry ofΓ and the skew-symmetry ofΓ, we get
Now, raising the lower index r in (4.30), we obtain the explicit formula for the symmetric part of the Γ-symbols expressing them through the Lie derivatives
and through the skew-symmetric part of these Γ-symbols:
From (4.31) and (4.24) for the Γ-symbols themselves we derive
Note that the skew-symmetric part of the Γ-symbols is determined by the torsion tensor T (see [5] ) and by the structural constants c k ij (see their definition (4.15)):
Substituting (4.33) into (4.32), we derive the ultimate formula for Γ k ij :
(4.34) Definition 4.6. A real spinor connection (Γ, A,Ā) of the bundle of chiral spinors SM is called a metric connection, if it is concordant 1) with the spin-metric tensor d, 2) with the Infeld-van der Waerden field G, and 3) with the metric tensor d.
The theorem 4.2 says that the conditions 1) and 2) are sufficient for a real spinor connection (Γ, A,Ā) to be a metric connection. The Einstein's theory of gravity, which is also called the General Relativity, is a theory without torsion, i. e. the torsion tensor T is taken to be zero in it: T = 0. Then (4.34) reduces to
According to the corollary 4.1, the Γ-components of a real metric spinor connection in General Relativity are the components of the Levi-Civita connection for the metric g and (4.35) is a frame version of the well-known formula
The above calculations leading to the formula (4.35) are standard. They are similar to those performed in section 3 of [7] . Now let's study the concordance condition ∇d = 0. In a frame relative coordinate form this condition is written as follows:
By lowering the upper index s of A s ri we introduce the following quantities:
Then, due to (4.37), the equality (4.36) reduces to the following one:
The formula (4.38) means that the skew-symmetric part of A rij is determined by the Lie derivative L Υr (d ij ) so that we can write 
Acting in a similar way, from ∇d = 0 we easily derive the formulas
whereÂ rij =Â rj i . Thus, we have managed to reduce the concordance conditions ∇d = 0 and ∇d = 0 to the symmetry conditionŝ
and to the formulas (4.40) and (4.42) for the A andĀ-components of a spinor connection (Γ, A,Ā). The next step is to study the concordance conditions ∇G = 0. Applying the formula (4.20) to ∇G = 0, we derive the following equality:
In order to transform (4.44) we multiply it by G q jj and sum it over the index q, meanwhile taking into account the second identity (3.12):
Then we apply the index lowering procedure to the indices i andī in (4.45). As a result, taking into account (4.37), we derive
Substituting (4.39) and (4.41) into (4.46), we derive
The left hand side of the equality (4.47) is a sum of two terms. The first term is symmetric in i and j, see (4.43), while the other is skew-symmetric in these indices. Therefore, if we subdivide the right hand side of (4.47) into symmetric and skew-symmetric parts, we can write (4.47) as two separate equalities:
(4.49)
In two-dimensional case any equality skew-symmetric in two indices is equivalent to a scalar equality independent of these two indices. In the case of the equality (4.49) we can multiply it by d ij and sum over the indices i and j. As a result we obtain the following equality equivalent to (4.49):
By definition the left hand side of (4.50) is symmetric inī andj. Therefore it should be equal to the symmetric part of the right hand sidê
while the skew-symmetric part of the right hand side of (4.50) should be zero:
(4.52)
Again, using the feature of the two-dimensional case, we can reduce (4.52) to an equality independent ofī andj. For this purpose let's multiply it bydīj and sum over the indicesī andj. As a result we get
Taking into account the first identity (3.12) and the formula (3.2), we can transform the equality (4.53) to a more symmetric form:
(4.54)
Note that the product d nsdns g qp in (4.54) is invariant under the simultaneous transposition of s ←→ n,s ←→n, and p ←→ q. Therefore, we can write
The Lie derivative L Υr in the above equality acts as a first order linear differential operator. For this reason we can continue transforming the above equality:
Taking into account the second identity (3.12) and the formula (3.2), we find that the last term of the above equality cancels the second and the third terms in it. As a result, using (3.9), we can write it as follows:
Using the formula (4.20), we can write (4.55) in a very simple form:
Thus, the formula (4.52) is reduced to (4.56), while (4.51) is equivalent to (4.50) provided (4.56) is fulfilled. From (4.50) and (4.41) we derive the following expression forĀ-components of the spinor connection (Γ, A,Ā): Having all done with (4.49), now we return back to the equality (4.48). The left hand side of this equality is skew-symmetric inī andj. Like in the case of (4.47), subdividing the right hand side of (4.48) into two parts symmetric and skew-symmetric inī andj, we write (4.48) as two separate equalities. Here is the first of these two equalities. It is skew-symmetric inī andj:
(4.58)
Due to the skew-symmetry (4.58) can be transformed to an equality independent of i andj at all. Multiplying it bydīj and summing overī andj, we get the following equality analogous to the equality (4.51):
(4.59)
By analogy to (4.52) one can write the following equality:
Acting in a similar way as in the case of (4.52), one can show that the equality (4.60) is equivalent to (4.56). Adding (4.60) to (4.59), we get
(4.61)
The formula (4.61) is similar to (4.50). From (4.61) and (4.39) we derive
The last step is to study the symmetric part of the equality (4.48). Symmetrizing (4.48) with respect toī andj, we find that its symmetric part is written as
where
(4.64)
Using (4.25) and the formula (3.2), we transform (4.64) as follows:
(4.65)
Remember that the Lie derivative L Υr acts as a first order linear differential operator. Therefore, the formula (4.65) can be written as
.
(4.66)
Remember that g qp form the inverse matrix for g qp . Therefore, we have
Substituting (4.67) into (4.66) and applying (3.10) and (4.20) to it, we derive
The first term in (4.68) is skew-symmetric in i and j. It vanishes when we substitute (4.68) into (4.63). As a result the equality (4.63) takes the form 
Dirac spinors.
Let M be a space-time manifold and let SM be a spinor bundle over M introduced by the definition 1.1. By S † M (see (2.2)) we denote the Hermitian conjugate bundle for SM . Taking both SM and S † M , we construct their direct sum
The direct sum (5.1) is called the Dirac bundle associated with the spinor bundle SM . This is a four-dimensional complex bundle over M . The bundles SM and S † M , when treated as the constituents of DM , are called chiral bundles.
Due to the expansion the Dirac bundle DM acquires from SM its three basic spin-tensorial fields: the spin-metric tensor d, the chirality operator H, and the Hermitian spin-metric tensor D, which is also called the Dirac form. The definitions of these three fields can be found in section 3 of [6] . 
In [6] the P and T reflection operations were studied and the following four types of frames in the Dirac bundle DM were considered:
(1) canonically orthonormal chiral frames; (2) P -reverse anti-chiral frames; (3) T -reverse anti-chiral frames; (4) P T -reverse chiral frames.
Canonically orthonormal chiral frames are simultaneously orthonormal, chiral, and self-adjoint frames. This is the basic type of frames most closely related to the expansion (5.1). Each canonically orthonormal chiral frame of the Dirac bundle (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) is produced from some orthonormal frame (U, Ψ 1 , Ψ 2 ) of the chiral bundle SM as follows:
P -reverse anti-chiral frames are self-adjoint, but anti-orthonormal and antichiral. Any P -reverse anti-chiral frame (U,Ψ 1 ,Ψ 2 ,Ψ 3 ,Ψ 4 ), is produced from some canonically orthonormal chiral frame (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) by P -inversion:
(5.9)
T -reverse anti-chiral frames are orthonormal, anti-chiral, and anti-self-adjoint. Any T -reverse anti-chiral frame (U,Ψ 1 ,Ψ 2 ,Ψ 3 ,Ψ 4 ), is produced from some canonically orthonormal chiral frame (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) by T -inversion:
(5.10) P T -reverse chiral frames are anti-orthonormal, chiral, and anti-self-adjoint. Any P T -reverse chiral frame (U,Ψ 1 ,Ψ 2 ,Ψ 3 ,Ψ 4 ), is produced from some canonically orthonormal chiral frame (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) by P T -inversion: Like SM , the Dirac bundle DM is a complex vector bundle over the smooth real space-time manifold M . For this reason there is a semilinear involution of complex conjugation τ acting upon spin-tensorial fields associated with DM . This involution τ is canonically associated with DM , it is introduces in a way similar to τ for SM (see details in [6] ). Applying τ to the spin-metric tensor d, we get
This is a spin-tensorial field of the type (0, 0|0, 2|0, 0), while d itself is a field of the type (0, 2|0, 0|0, 0). The following formulas are analogous to (2.18) and (2.19): in the expansion (5.16) are introduced in a way similar to that of (2.13). As for the formulas (5.14), (5.15), and (5.16), they hold for arbitrary frame pairs (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) and (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ), not only for those listed in the diagram (5.12).
Let's apply the formula (5.15) to the formula (5.6) or to the formula (5.7). As a result we find that the Dirac field D is a real spin-tensorial field:
The identity (5.18) shows that the Dirac form D(X, Y) is a Hermitian form.
6. Dirac's γ-field, γ-symbols, and γ-matrices.
The Infeld-van der Waerden symbols are not expanded to the Dirac bundle. Instead of them, here we have the Dirac's γ-field γ. This is a spin-tensorial field of the type (1, 1|0, 0|0, 1 ). Its components are called the Dirac's γ-symbols. In a frame pair of any type listed on the diagram (5.12), γ-symbols are given explicitly: The Dirac matrices (6.6) are very popular in physics. However, dealing with them, one should remember that each separate matrix has no spin-tensorial interpretation.
The most popular property of the Dirac matrices (6.6) is written in terms of their anticommutators {γ i , γ j } = γ i · γ j − γ j · γ i :
(6.7)
Here 1 is the unit matrix. Due to this property they define the 4-dimensional representation of the Clifford algebra Cl(1, 3, R) (see [8] ). In terms of the γ-symbols the formula (6.7) is written as follows: The identity (6.9) is an analog of (3.9). It is derived from the following more simple identity with the use of the anticommutator relationship (6.8):
By d bh in (6.9) and (6.10) we denote the components of the dual spin-metric tensor. By tradition we denote it by the same symbol d. Its components d bh form the matrix inverse to d ae .
The inverse Dirac's γ-field γ is a spin-tensorial field of the type (1, 1|0, 0|1, 0). Its components are obtained from γ The formula (6.12) is an analog of the first formula (3.12). By raising the index i in (6.10) we obtain the following equality for the inverse γ-symbols:
Then rising both indices i and j in (6.9) we derive the identity
14)
The identity (6.14) is analogous to (3.11). As for the identities (6.10) and (6.13), they have no analogs in chiral spinors.
The relation of Dirac's γ-field and the chirality operator H is determined by the structure of γ-matrices (6.6). By means of direct calculations we prove that As for d and H, their relation is described by the identity similar to (6.16):
The identity (6.17) means that the chirality operator H is a symmetric operator with respect to the bilinear form of the spin-metric tensor d, i. e.
for any two spinors X and Y. In the case if the Dirac form (the form of the Hermitian spin-metric tensor D) we have the identity similar to (6.18):
The identity (6.19) means that H is an anti-Hermitian operator with respect to the Hermitian form D. In a coordinate form (6.19) is written as The identities (6.21) and (6.22 ) are analogs of (3.8) and (3.10). Taking into account (6.11), we can transform (6.21) and (6.22 ) to the following identity:
The identity (6.23) is an analog of the second identity (3.12). Let's take the components of the Dirac form (the Hermitian spin-metric tensor D) and raise their indices. As a result we obtain
The matrix D iī is inverse to D iī in the sense of the following equalities:
Due to (6.25) the spin-tensorial field D of the type (1, 0|1, 0|0, 0) determined by the matrix (6.24) is called the inverse Hermitian spin-metric tensor. Using both D iī and D iī , we define the following quantities:
The quantities (6.26) are called direct and inverse Hermitian γ-symbols. They define two spin-tensorial fields of the types (1, 0|1, 0|0, 1) and (0, 1|0, 1|1, 0) respectively. We denote these fields by the same symbol γ, as well as the initial fields from which they are produced. The fields (6.26) are real fields:
Indeed, by means of direct calculations we can prove that
The equalities (6.28) are coordinate representations of the equality (6.27). In terms of the initial γ-symbols they can be written as
The equality (6.29) is similar to (6.20) . Moreover, we have
The equality (6.30) is derived from (6.10), it is similar to (6.20) and (6.29).
Spinor connections for Dirac spinors.
Let (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) be two frames with a common domain U of the bundles T M and DM respectively. Let (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) and (Ũ ,Ψ 1 ,Ψ 2 ,Ψ 3 ,Ψ 4 ) be other two such frames. Assume that U ∩Ũ = ∅. Then at each point p ∈ U ∩Ũ = ∅ one can write the transition formulas (1.4). Instead of (1.6) here we write the following transition formulas:
Using the transition matrices from (1.4) and (7.1), one can define the θ-parameters. They are introduced by the formulas which are almost the same as the formulas (4.6), (4.7), (4.8), and (4.9) in section 4:
2)
The only difference is that the indices i and k in (7.3) and (7.5) run over the range from 1 to 4. The formulas (7.2) and (7.4) coincide with (4.6) and (4.8) exactly. For this reason θ-parametersθ k ij and θ k ij here coincide with those in section 4 and the relationships (4.10), (4.11), and (4.14) for them are valid. Definition 7.1. A spinor connection in the Dirac bundle DM is a geometric object such that in each frame pair (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) of the bundles T M and DM it is given by three arrays of smooth complex-valued functions
where p ∈ U , such that when passing from the frame pair (U, Υ 0 , Υ 1 , Υ 2 , Υ 3 ) and (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) to some other frame pair (Ũ ,Υ 0 ,Υ 1 ,Υ 2 ,Υ 3 ) and (Ũ ,Ψ 1 ,Ψ 2 ,Ψ 3 ,Ψ 4 ) with U ∩Ũ = ∅ these functions are transformed as follows:
The components of the transition matrices S, T , S, and T in (7.6), (7.7), and (7.8) are taken from (1.4) and (7.1), while the quantities θ k ij and ϑ k ij are defined in (7.4) and (7.5). The covariant differential ∇ associated with the spinor connection (Γ, A,Ā) introduced in the definition 7.1 is a differential operator
In a coordinate form the operator (7.9) is represented by a covariant derivative: The formula (7.9) is analogous to (4.19), while (7.10) is an analog of (4.20). 
The theorem 7.1 is an analog of the theorem 4.1. Its proof is obvious due to the formulas (5.14), (5.15), and (7.10).
The Dirac γ-symbols are more numerous than the Infeld-van der Waerden symbols. For this reason they contain more information and they are more selfsufficient. Instead of the theorem 4.2 here we have. Proof. In order to prove this theorem it is sufficient to apply the identity (6.8) . By setting c = a and summing over the index a from (6.8) we derive Proof. In order to prove this theorem we apply the identity (6.23). Due to the previous theorem 7.2 from ∇ k γ i jm = 0 it follows that ∇ k g ij = 0 and ∇ k g ij = 0. Then from ∇ k g ij = 0 and ∇ k γ i jm = 0 due to the formula (6.11) we get ∇ k γ im j = 0. Now applying ∇ k to both sides of (6.23) and using ∇d = 0, we derive
Let's multiply this equality by H b q and sum it over the index b. As a result we get
In deriving (7.13) we used the formula (6.17) and the identity H 2 = id. In a coordinate form the identity H 2 = id is written as follows:
The formula (7.14) is easily derived from the matrix representation of the chirality operator (5.4) or (5.5). From (7.14) we easily derive Now let's set q = e in the equality (7.13) and recall that the matrix d re is inverse to the matrix d eb when summing over the index e. As a result from (7.13) we get Proof. The proof of this theorem is based on the following identity for γ-symbols:
The identity (7.18) is proved by direct calculations. Let's apply the covariant derivative ∇ k to both sides of the identity (7.18) . When doing it we should remember that ∇γ = 0 and ∇d = 0 imply ∇g = 0 and ∇H = 0 due to the theorems 7.2 and 7.3. Moreover, ∇γ = 0 implies ∇τ (γ) = 0 since (Γ, A,Ā) is assumed to be a real spinor connection. As a result, taking into account all the above arguments, from (7.18) we derive the following identity for the components of the Dirac form D:
Note that each term in the above identity contains the sum over the index s and the factor d sa , where a is a free index. Similarly, each term contains the sum over the indexr and the factordrē, whereē is a free index. The quantities d sa and drē form two non-degenerate matrices. Therefore, we can cancel them in the above equality and simultaneously omit the sums over s andr:
Now let's multiply (7.19 ) by D bh and sum over the indices b andh. The quantities D bh are defined through the formula (6.24). Taking into account (6.25), we derive
In deriving (7.20) , apart from (6.25), we used the equality (7.14). Remember, that H is a traceless operator (see its matrix (5.4)). This means that tr H = Due to (7.21) the fourth term in (7.20) is zero. The third term in the left hand side of (7.20) is zero too. This fact is proved with the use of the formula (6.24):
In the above calculations we used (6.25) and the skew-symmetry of d andd. The last term in the left hand side of (7.20) is also zero. This fact is derived from (7.21):
In these calculations we used (6.25), the skew-symmetry d andd, and the equality
The equality (7.22) is easily derived from (6.17). And finally, we need to transform the second term in the left hand side of (7.20):
In deriving (7.23) we used the equalities (6.20), (6.25), and (7.14). Now, substituting (7.23) back into (7.20) and recalling that the third, the fourth, and the fifth terms in the left hand side of this equality do vanish, we find that ( A metric connection (Γ, A,Ā) is concordant with γ and H. Hence, from ∇γ = 0 and ∇H = 0 we derive the following equalities:
Applying the formula (7.10) to the first equality (8.10), we get 
The projectors (8.1) are complementary to each other. Therefore their product is zero:
Applying this equality to (8.12) we derive
In a similar way from the second equality (8.10), we obtain
Now let's apply the formula (7.10) to the third and to the fourth equalities (8.10).
As a result we get the following two formulas:
In order to transform (8.15) and (8.16) we need some identities for the γ-symbols (8.5). From the identity (6.23) we derive two formulas
In the formulas (8.17) and (8.18) we used the following notations:
The matrices (8.19 ) are skew-symmetric and degenerate. However, in some cases they can be used for raising and lowering spinor indices:
Applying the formula (8.17) to (8.15), we derive the following equality: Acting in a similar way, i. e. applying the formula (8.18) to (8.16 ) and then performing some calculations analogous to the above ones, we derive the formula The formula (8.29 ) is an analog of the formula (4.57), while (8.30 ) is an analog of (4.62). Moreover, these formulas are reduced to the corresponding formulas (4.57) and (4.62) if we choose a spinor frame (U, Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) concordant with the expansion (5.1). This fact leads to the following theorem.
Theorem 8.1. Any metric connection (Γ, A,Ā) of the bundle of Dirac spinors DM is a unique extension of some metric connection of the chiral bundle SM .
According to the formula (8.9), the final step in deriving an explicit formula for the A-components of a metric connection (Γ, A,Ā) is to add the above four formulas (8.13), (8.14), (8. The identities (8.32) and (8.33 ) are analogous to (8.17) and (8.18 ). Before applying them to (8.31) we need to set e = i and h = a in them and then sum over the index a. As a result we transform them to the following two identities: The theorem 8.2 and the corollary 8.1 are analogous to the theorem 4.3 and its corollary 4.2 in the case of chiral spinors. As for the relation of metric connections of Dirac and chiral spinors, it is described by the theorem 8.1
